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On the Laminar Two-Dimensional
Wake of an Incompressible

Pseudoplastic Fluid

Chang-yu Liu
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Introduction

OWING to the growing importance of the phenomenon at-
tending the flow of pseudoplastic fluid, theoretical as

well as experimental studies on this subject have been well
documented by many investigators. This Note describes a
closed-form solution to laminar boundary-layer equations of
a non-Newtonian pseudoplastic fluid in the wake of a flat
plate at zero incidence. A velocity distribution function for
the value of the parameter N = 0.5 is calculated. It is found
that the spread is larger than that for a Newtonian fluid.

Analysis
Under the assumptions of steady and two-dimensional

laminar flow, the momentum equation of pseudoplastic fluid
can be expressed as

= KNd/dy(\3u/8Y\N-Idu/dy (1)
where x and y are, respectively, the coordinates along and
normal to the direction of the plate, u and v are their
corresponding velocities, K and N are parameters related to
pseudoplastic fluid. Assuming that the velocity difference in
the wake

ul = U—u (2)

is small compared with the freestream velocity U and that
higher-order terms in ul may be neglected, then the far wake
momentum equation can be transformed into the form

(3)^L-KN9 (\ *}L \N-: ^_
dx ~K dy\\ dy I bydy\ dy

and the boundary conditions are
duj

at y = 0, —— —0, at y = oo, u, =0
dy

By introducing the following variables
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Where £is the length of the plate, and a is a positive free con-
stant to be defined later, we can transform Eq. (3) into a
second-order total differential equation which is given as

with the boundary conditions

g' ~ 0 at T? = 0, g = 0 at 77 = oo

Integrating Eq. (4) once and employing the boundary con-
dition g' = 0 at j] = 0, we have

N — 1 \ r,'\N /" C \a I-g I P)

When N= 1, Eq. (5) reduces to the one for Newtonian fluid

Integrating Eq. (5) again and assuming that g' is negative
(77 > 0) gives

/ v — / / / \ }/
£?!bib-) (6)

where, following Ref. 1, we have assumed that g = l at 77 = 0.
Also, the absolute value of ry is used owing to the nature of the
wake which is symmetric with respect to the line 17 = 0. (The
same scheme has been applied by Schlichting2 for the case of
a two-dimensional turbulent wake.) It can be easily shown
that the boundary condition r/ = oo, g = 0 can also be satisfied
for N< 1 . Thus the drag of the plate may be expressed as

oo /

Uldy=PbU2(
-oo \ A N

By using Acrivos, Shah, and Peterson's result3 for the local
shearing stress at the wall

(8)
KN

we can calculate the frictional force on the plate wetted on
both sides in the form

D = 2pbU2C\- (9)

Fig. 1 Velocity profiles for/V = 0.5 and 1.0.



JANUARY 1977 ENGINEERING NOTES 29

where C is a constant depending on N only3 and b is the
breadth of the plate. Equating Eqs. (7) and (9) yields

N-l
~ N + l

(10)

For any value of TV, Ccan be obtained from Ref. 3, and hence
a can be found from Eq. (10). By substituting the value of a
into Eq. (6), the velocity function g can then be obtained. For
the case of N= 0.5, C = 0.58, Eq. (10) may be simplified to

(11)

Assuming that r j y = (a/12} 1/3?7, Eq. (11) becomes

3x0.58=(12)y*a2/> \ drj j I I - \rj, I -? = (12) v*a 2/37r/Vj
J — «

and therefore a is equal to 0.271. From Eq. (6), the velocity
function g becomes

= l/l+0.0226\7i\- (12)

g is plotted vs 77 as shown in Fig. 1. The special case of N= 1 is
also shown.
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Added Mass of a Rectangular
Cylinder in a Rectangular Canal

Kwang June Bai*
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Development Center, Bethesda, Md.

Introduction

IN this Note the added mass of a rectangular cylinder in a
rectangular canal is considered as the frequency tends to

zero, i.e., with a rigid free-surface boundary condition. For
small clearances between the body and the canal, an ap-
proximate formula for the added mass is obtained from sim-
ple elementary solutions in subdivided finite elements. The
sway added mass of the rectangular cylinder with half-beam a
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and draft b located at the center of a rectangular canal with
half-width c and depth h, for the zero-frequency limit, is given
by

m r on
3a Lc — a

bh b(2a + c)
, .h-b

where p is the sway added mass for the zero-frequency limit
and m is the mass of the fluid displaced by the body.

To test the validity of the previous formula, several com-
parisons are made with results obtained by the straight-
forward finite-element method based on the dual extremum
principles of Bai.1 '2 This formula is shown to provide good
predictions of added mass for the range

0< (h-b)/a)<0.3, 0< (c-a)/b<0.3

The formula is also compared with a formula obtained by
Newman.3

Mathematical Formulation and Solution
The computation of the added mass of a cylinder in a canal

or restricted water has practical importance in naval
hydrodynamics, e.g., in ship maneuvering. There are several
methods to compute the added mass: the method of con-
formal mapping, the method of Green's function, the finite-
element method, or the hypercircle method, etc.

Recently the added mass in water of finite depth has been
computed by the finite-element method based on the dual ex-
tremum principles of Bai.4 Fujino5"8 has investigated the
added mass of two-dimensional cylinders in a canal for the
limiting frequencies using the hypercircle method first ad-
vocated by Synge. Bai1 '2 also computed the added mass of
triangular, rectangular, circular, and Lewis-form sections in a
canal by the finite-element method based on the dual ex-
tremum principles. Newman9 obtained analytic expressions
for the added mass in a canal. Recently, Newman3 also ob-
tained an approximate formula for the added mass of a rec-
tangular cylinder by assuming that the clearance between the
body and the canal is small.

In this Note we present an approximate formula of the
added mass in a canal under assumptions similar to those
made by Newman.3 By making use of a simple solution of
Laplace's equation, an approxmate formula for the added
mass is obtained in terms of the geometry of the body and
canal for small clearances between the body and the canal
walls. In spite of the extremely simple way of obtaining the
approximate formula, this formula gives good approximate
results for a range of small body-canal clearances.

The sway added mass \i in the zero-frequency limit can be
interpreted as the zero Froude-number limit for horizontal
translatory motion. This can also be interpreted as the heave
added mass in the infinite frequency limit by rotating all of
the boundary configurations by 90° when the geometry is
symmetric with respect to the y axis. However, the zero
limiting-frequency problem is ill-posed when the floating
body is heaving in restricted water.

When we consider the computation of the sway added mass
of a rectangular cylinder in a canal as shown in Fig. 1, we
have the following potential-theory formulation in the zero-
frequency limit

V2<t>(x,y)=0 mR
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